Let (R, M) be a quasilocal integral domain. We investigate the set of irreducible elements (atoms) of R. Special attention is given to the set of atoms in M\M 2 and to the existence of atoms in M 2 . While our main interest is in local CohenKaplansky (CK) domains (atomic integral domains with only finitely many nonassociate atoms), we endeavor to obtain results in the greatest generality possible. In contradiction to a statement of Cohen and Kaplansky, we construct a local CK domain with precisely eight nonassociate atoms having an atom in M 2 .
Introduction
Let R be a (commutative) integral domain. A nonzero nonunit x ∈ R is irreducible, or an atom, if x = ab implies a or b is a unit and R is atomic if each nonzero nonunit of R is a finite product of atoms. An atomic domain with only finitely many nonassociate atoms is called a Cohen-Kaplansky (CK ) domain. (While a field is an atomic domain, even a CK domain, to avoid trivialities, we assume throughout that R is not a field.) While the purpose of this article is to study local CK domains and their atoms, in Section 2 we begin by investigating atoms in quasilocal domains that need not even be atomic. While we focus on quasilocal domains, we should point out that the study of atoms or atomicity cannot generally be reduced to the quasilocal case. Indeed, the ring of integer-valued polynomials is a two-dimensional Prüfer BFD (and hence is atomic), but has a localization at a maximal ideal that is not atomic [3, Example 2.7(b)]. Conversely, if R is a Bezout almost Dedekind domain that is not a PID (take R = D(X ) where D is your favorite non-Dedekind almost Dedekind domain), then R is not atomic, but each localization of R is a DVR and hence atomic. However, for CK domains we can effectively reduce to the local case, see Theorem 5.6. As usual two elements a and b of a domain R are associates, denoted a ∼ b, if b = ua for some unit u ∈ R.
The setup for Section 2 is a not necessarily atomic quasilocal domain (R, M), usually with M = M 2 . (We reserve the term "local" for a Noetherian quasilocal domain.) Set R = R/M. We begin by remarking that if M β = 0 for some ordinal β, then R satisfies ACCP (Theorem 2.1). If x ∈ M\M 2 , x is certainly an atom.
Special attention is given to the set of atoms contained in M\M 2 and to the existence of atoms in M 2 . We say that M n is (weakly) universal if M n ⊆ R x for each atom x ∈ R (x ∈ M\M 2 ). We show that if there are exactly n nonassociate 
8). Finally we show that if (R, M) is a quasilocal domain with M = M
2 having only finitely many nonassociate atoms, then P = ∞ n=1 M n is prime and R/P is a CK domain (Theorem 2.9). Section 3 concentrates on local CK domains. We review some characterizations of local CK domains. We offer alternative proofs and sharpen several results from [8] . Let (R, M) be a local CK domain that is not a DVR. The fourth section consists of examples. Of particular interest are local CK domains of the form R = K + W X + F [[X ]]X 2 where K ⊆ F is an extension of finite fields and W is a K -subspace of F . Cohen and Kaplansky's paper [8] is entitled "Rings with a finite number of primes. I." (They use the term "prime" to mean an atom.) II never appeared, but on page 472 in regard to the result on the universality of M n−1 when R is a CK domain with precisely n nonassociate atoms, they state "This result will incidentally be considerably sharpened in the paper that follows." A question they raised, but were unable to answer, was whether a local CK domain (R, M) could have an atom in M 2 . To quote from page 473 of their paper: "Whether or not there exist rings with a prime (sic) in M 2 is a question that has not yet been settled. It follows from (2) , and the fact that k and N are at least 2, that such a ring must have at least seven primes (sic). Since we shall prove below that M 2 is universal when n is prime, the lower bound becomes n = 8. We shall continue this discussion in the second paper; but we remark that at the moment our best result has ruled out the possibility of a prime (sic) in M 2 for n = 8 or n = 9." Now in [5] it was shown that you can have an atom in M 2 . Using the construction given there, we give an example of a local CK domain (R, M) with exactly eight nonassociate atoms having two nonassociate atoms in M 2 . Perhaps this is why II never appeared. We also use the construction given in [5] to construct a local CK domain (R, M) with M 2n universal, but M 2n−1 not universal. In Section 5 we investigate the existence of local CK domains with exactly n nonassociate atoms for small n.
Atoms in Quasilocal Domains
In this section we study the set of atoms of a quasilocal domain (R, M). We will usually assume that M = M 2 so we have atoms in M\M 2 . While our main goal is to study local CK domains, in this section we try to keep the results as general as possible by not assuming that R is atomic or that the number of nonassociate atoms involved is necessarily finite. Several of the results of this section have previously been given for CK domains [8] .
Recall that R is a bounded factorization domain (BFD) if for each nonzero nonunit x ∈ R there is a natural number N (x) so that if x = x 1 · · · x n where x i ∈ R is a nonunit, then n ≤ N (x). We say that R satisfies the ascending chain condition on principal ideals (ACCP) if any ascending chain of principal ideals of R stabilizes. It is well known and easily proved that BFD =⇒ ACCP =⇒ atomic and that none of these implications can be reversed, even for quasilocal domains. See Section 4 for more details. We next generalize the well known result that a quasilocal domain (R, M) with 
Then m ≤ φ(x); so R is a BFD.
Let S and T be subsets of R\{0} where R is an integral domain. We say that S is universally divisible by T if each element of S is divisible by each element of T , or equivalently,
The concept of M n being universal was introduced by Cohen and Kaplansky [8] who characterized the CK domains with M 2 universal and showed that if R is a local CK domain with exactly n nonassociate atoms, then M n−1 is universal; see Theorem 2.11 for a generalization.
We next characterize quasilocal domains (R, M) with M 2 universal. (3) is well known with the finite case given in [8] .) (4) Cohen and Kaplansky [8] proved this for R a CK domain. While their proof extends to this case mutatis mutandis, we give the simple proof for completeness. Certainly each
Theorem 2.2. Let (R, M) be a quasilocal domain with
Then by (4), for any α ∈ Λ, x α + q is an atom in M\M 2 not associated with any
x α + x ∈ M\M 2 and hence is an atom. So x α + x ∼ x β for some β, necessarily 
is a DVR by (6) and hence 
Then R is a quasilocal domain with maximal ideal M, M
2 universal, and (5) is given in [8] for the case where R is a local CK domain. However, the hypothesis that R is atomic is not needed.) (7) The fact that there cannot be exactly two nonassociate atoms in M\M 2 follows from (5) and (6) . Suppose that R has exactly two nonassociate atoms p and q. First suppose that R is atomic. Then p+q must have an atomic factor not an associate of p or q, a contradiction.
we contradict the first statement of (7). So q ∈ M 2 . But then by Theorem 2.2 (4), p + q is a third atom. The last statement follows from (6).
However, as the following example shows, it is quite possible to have infinitely many nonassociate atoms in M\M 2 where (R, M) is a quasilocal domain
Example 2.7. Let (V, N ) be a quasilocal domain with nonzero idempotent max-imal ideal N (e.g., V is a valuation domain with nonprincipal maximal ideal)
. We have given a lower bound, the cardinality of the set of one-dimensional R-subspaces of M/M 2 , for the number of nonassociate atoms in M\M 2 . We next give an upper bound, the cardinality of the set of one-dimensional R- 
This follows from (1) and (2). (4) The first part follows from (3) . Suppose that n ≥ 3. Then by (5) not all of the one-dimensional R-subspaces of M n−1 /M n can give rise to an atom.
(5) If n = 2, then each x α ∈ M\M 2 and hence is an atom. If M n−1 = M n , the result is obvious. Conversely, suppose that each x α is an atom. Then for
Hence by (2), y ∼ x α and hence is an atom. Thus each element y ∈ M n−1 \M n is an atom. Suppose that n > 2. Let
But this is a contradiction since xm is not an atom.
Cohen and Kaplansky [8] showed that if (R, M) is a local CK domain with precisely n nonassociate atoms, then M n−1 is universal. We generalize this result in Theorem 2.11 (which does not require R to be atomic). Our proof of Theorem 2.11 is modeled after their proof. But we first show that for (R, M) a quasilocal (W)FA domain with M = M 2 , some power of M is (weakly) universal.
We also generalize the well known result that if P is a principal prime ideal, then Q = ∞ n=1 P n is prime and there are no prime ideals properly between P and Q.
Theorem 2.9. Let (R, M) be a quasilocal domain and let P
(
Then R is a (W)FA domain if and only if either (a) M is principal, or (b) R/M is finite, M is finitely generated, and some power of M is (weakly) universal.
( 
is weakly universal. Now consider the FA case. Since R is a WFA domain with
. So without loss of generality we can assume that
product of atoms. Hence M = (a 1 ) ∪ · · · ∪ (a n ) and this union is irredundant. So again by McCoy's Theorem, some
The first statement follows since some M l is weakly universal so each nonzero element of P has an atom as a proper factor and since each element of M n \M n+1 is a finite product of atoms. Let a ∈ M\M 2 . We noted in the proof of
Since M is finitely generated, the powers of M properly descend. Thus R = R/P is not Artinian. Let x 1 , . . . , x n be a complete set of nonassociate atoms of R. Then every nonzero nonunit of R is a unit of R times a power-product of the x i 's. By [1, Theorem 1] R is either a finite ring, SPIR, or CK domain. Since in the first two cases R is Artinian, we must have that R is a CK domain. Thus P is prime and there are no prime ideals properly between P and M.
Suppose that R is completely integrally closed. Then for a ∈ M, Proof. Note that (1) is trivial for n = 0. For n = 1, M is principal by Theorem 2.6 and (1) also holds. So we can assume in both cases that 2 ≤ n < ∞. Let a 1 , . . . , a n (n ≥ 2) be a complete set of nonassociate atoms (in M\M 2 ). By the proof of Theorem 2.6 (2), M = (a 1 , . . . , a n ); so
Remark 2.10. Of course it is quite possible for a (W)FA domain (R, M) to have
is not (weakly) universal. Without loss of generality we can assume
and hence is an atom. In case (2) each y k is divisible by an atom as noted in Theorem 2.9. Thus in either case (1) or (2) each of the n − 1 elements y 1 , . . . , y n−1 is divisible by one of the n − 2 atoms a 2 , . . . , a i n−2 . So by the Pigeonhole Principle,
Three remarks concerning Theorem 2.11 (2) are in order. First n − 1 may be the best possible. For example
) has 3 (resp., 4) nonassociate atoms and
can have an arbitrarily large number of nonassociate atoms. So certainly n − 1 need not be the least power of M that is universal. Third, the least power of M that is universal can be arbitrarily large. For each
Local CK Domains
In this section we sharpen and offer alternative proofs for some of the results in [8] concerning the number of atoms in a local CK domain. For the reader's convenience, we recall some characterizations of local CK domains. (1) R is a CK domain.
(2) Either R is infinite and R is a DVR or R is finite and R is a one-dimensional analytically irreducible local domain. (3) Either R is infinite and R is a DVR or R is finite, R ′ is a DVR and a finitely generated R-module where R ′ is the integral closure of R. (4) Either R is infinite and R is a DVR or R is atomic (e.g., R is Noetherian), R is finite, M is finitely generated (e.g., R is Noetherian), and some power of M is universal. (5) R is a one-dimensional local domain that is an FFD and has finite elasticity ρ(R).
(6) R has group of divisibility G(R) ∼ = Z ⊕ F where F is finite.
Proof. The equivalence of (1) Let (R, M) be a local CK domain. Since R is analytically irreducible, the map
is the lattice of ideals of R (resp.,R) andR is the M-adic completion of R, is a multiplicative lattice isomorphism. So R is a CK domain if and only ifR is a CK domain and both the ideal structure and the factorization structure (up to units) of R andR are identical. Thus in the local case, very little is lost by assuming that R is complete. The following result [5, Theorem 4.5] characterizes complete local CK domains. 
Theorem 3.2. (1) Let F 0 ⊆ F be finite fields and let n ≥ 1. Suppose that R is an integral domain with F
Let (R, M) be a local CK domain that is not a DVR. Let R ′ be the integral 
(3) This follows from (1) and (2) 
By Theorem 2.2 (5), M 2 is universal.
Parts of Theorem 3.4 were proved by Cohen and Kaplansky [8] . They noted (1), 4(a) ⇐⇒ 4(b), and that the number of nonassociate atoms is a multiple of |V |.
Corollary 3.5. Let (R, M) be a local CK domain that is not a DVR.
(1) [ We can now improve on Theorem 2.6 (6) which stated that if (R, M) is a local CK domain with an atom in M 2 , then the number of nonassociate atoms of R is at least |R|( 
Corollary 3.7. Let (R, M) be a local CK domain with an atom in M

Examples
This section consists of examples. We begin by stating the following example from [5] showing for each n ≥ 2 the existence of a local CK domain (R, M) with an atom in M n \M n+1 , thus answering a question raised by Cohen and Kaplansky [8] . While not noted in [5] , we show here that M 2n is universal while M 2n−1 is not. Thus in a local CK domain (R, M), the least power of M that is universal can be arbitrarily large.
Example 4.1. ([5, Example 7.3]) Let K be a finite field and let n ≥ 2. Then there is a complete local CK domain (R, M) with R/M ∼ = K and an atom f
Moreover 
This shows that there is no atom in
Then the leading coefficient of g is in the
For the case n = 2, the ring R has the form R = K +W X +F 
We have R is Noetherian if and only if [F : K ] < ∞, and R is a CK domain if and only if R is a DVR (that is, F = W = K ) or F is finite. Furthermore, R has residue field R = R/M = K . The quotient field of R is F [[X ]][X −1 ], its complete integral closure is R c = F [[X ]], and its integral closure is R
We have the s.e.s.
is a homomorphism with kernel U (R). With this
Let f = a n X n + a n+1 X n+1 + · · · ∈ R where n ≥ 0 and a n = 0. Then f ∼ a n X n + We next determine the atoms of R. Let f = a n X n + a n+1 X n+1 + · · · ∈ R where 
Thus we have that the set
{a α X n + a α b β X n+1 } (α,βa n = 0, so ord( f ) = n. Now f is a unit ⇐⇒ ord( f ) = 0. If n = ord( f ) = 1, f is an atom. If ord( f ) ≥ 4, f is never an atom. Suppose W = 0. Let 0 = w ∈ W . Let ord( f ) = 3. Then f = w X (w −1 a 3 X 2 +w −1 a 4 X 3 +· · · ) andCase W = 0. So R = K + F [[X ]]X 2 , M n = F [[X ]]X 2n , [M : M] = F [[X ]], G(R) ∼ = Z ⊕ F * /K * ⊕ F and V ∼ = F * /K * ⊕ F , under this identification. Also, {a α X 2 + a α bX 3 |α ∈ Λ, b ∈ F } or {a α X 2 + bX 3 | α ∈ Λ, b ∈ F }
is a complete set of nonassociate atoms of R of order 2. Hence this set of nonassociate atoms has cardinality
is a complete set of nonassociate atoms of order 3 and has cardinality |F * /K * ||F |. Case W = 0. 
So the set of nonassociate atoms of R has cardinality
of nonassociate atoms of order 2. The cardinality of this set is
}|. So the cardinality of the set of nonassociate atoms of R is
Here M 2 is never universal, but M 4 is always universal. Let f be an atom 
is a complete set of nonassociate atoms in M 2 . The cardinality of this 
We specialize further to the case where W is an intermediate field L, K ⊆ L ⊆ F , with F still finite. We now give our example of a local CK domain (R, M) with 8 atoms having an atom in M 2 . 
Example 4.4. Let L be an intermediate field of the field extension K ⊆ F where F is finite and let R
X . So we can take 1 and
More generally we have the following example whose proof is similar to that of Example 4.5. It is interesting to note that except for the case of p = 2 or 3, and Then 
Let us extend this diagram for the case of a quasilocal domain (R, M).
Noe t her i an HF D
+ 3 RBF D # + P P P P P P P P P P P P P P P P P P P P P P
Here R is a RBFD if R has finite elasticity ρ(R [12] of an atomic domain not satisfying ACCP is a one-dimensional quasilocal domain.
and T the additive submonoid of Q + generated by {1/p|p is prime }, localized 
where F is a subfield of R ′ that maps isomorphically onto R ′ /M. Now
Certainly if K = F (and hence R is a DVR) or R is finite, R is a CK domain. Conversely, suppose that R is a CK domain. If R is infinite, R must be a DVR and hence K = F . 
There is another way to realize
Here is a sketch. The map φ :
is a prime ideal, we have
Here we have realized a local CK domain with precisely leads to a contradiction. So a 1 and a 3 must be units. Suppose that a 2 ∈ M.
With regard to the element f in Theorem 4.11, we have the following proposition. 
2 is a nonzero principal prime. 
CK Domains with n Atoms
Let R be an integral domain. We say that R is primefree if R has no nonzero principal primes. Let α be a possibly infinite cardinal number. We say that R has α atoms if there is a set A of atoms of R with |A| = α such that every atom of R is an associate of exactly one element of A. In this section we are interested in local CK domains or more generally primefree CK domains with a prescribed number of atoms. However, we begin by noting that for an infinite cardinal number α, there exists a one-dimensional local domain with α atoms. Thus we have the following question.
Question 5.2. For which natural numbers n, does there exist a local CK domain with n atoms?
Now for n = 1 we just have a DVR and by Theorem 2.6 (7) a local CK domain cannot have 2 atoms. So suppose n ≥ 3. Cohen and Kaplansky [8] [10] and Clark, Govasi, and Pollack [7] gave some examples in characteristic 0 from number theory. We begin with this following example. We next investigate the local CK domains with n atoms for n ≤ 11. 
